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6.1 Introduction

Chapters 3 through 5 explored the properties of different probability models
(probability distributions). In doing so, we alwaysassumedthe specificprobability
distributionswereknown. In the rest of this text, the problemis that, we havea data
set and we want to infer the properties of the underlyingprobability distribution
from this dataset. In principle,a varietyof different probabilitydistributionsmust at
leastbeexploredto seewhichdistributionbest“fits” the data.

Statisticalinferenceor Inferentialstatistics
Consists of methods that use sample results to draw
conclusions(inferences)in order to help in makedecisionsor
predictionsabouta populationandcanbe further subdivided
into the two mainareas(two statisticalmethods):
(1) Estimation(PointandInterval).
(2) HypothesisTesting.
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6.2 The Relationship Between Population and Sample



Notation: Foreaseof discussion,we usethe abbreviatedterm “randomsample”to
denote a simple random sample. Although many samplesin practice are random
samples,this is not the only type of sampleusedin practice. A popularalternative
designis clustersampling. In this course,we assumethat all samplesare random
samplesfrom areferencepopulation .

Notation: In general, the referencepopulation can be divided into two types as
follows:
a. Finite,well definedandcanbeenumerated.
b. Effectivelyinfinite, not well definedandcannot beenumerated.

Important: In this course, we assumeall reference populations discussedare
effectively infinite, although,many are actuallyvery large but finite (seeexamples
6.8 and6.10).

Conclusion: Thispopulationis effectivelyinfinite. It cannotbe formallyenumerated,soa truly
randomsamplecannotbe selectedfrom it. However,we againassumethe samplewe have
selectedbehavesasif it werea randomsample.
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6.5 Estimation of the Mean of a Distribution

In this section,we will discussand focuson the estimationmethod to answerthe
followingquestion:

Two types of the estimation method will be used to do that, namely, the point
estimationandthe intervalestimation.



6.5.1 Point Estimation

Answer

Note that Equation 6.1 holds for any population regardless of its underlying distribution. 
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10Self-Reading: StudyExample6.24page170by your-self.
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The Central-Limit Theorem (CLT)

Thistheorem is very important becausemany of the distributionsencounteredin
practiceare not normal. In suchcasesthe central limit theorem (CLT)canoften be
applied.
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Example
Suppose that for a certain large group of individuals in Jordan, the mean
hemoglobinlevel in the blood is 21 gramsper milliliter (g/ml) and the standard
deviationis2 g/ml. If a randomsampleof sizen = 25 individualsis selected,what is
the probability that the samplemeanwill be greaterthan 21.3 g/ml assumingthat
the hemoglobinlevelin the bloodisnormallydistributed?



Refer to Table 3 in the Appendixand obtain:

Conclusion
Thus 22.66% of the samplesof size 25 would be expected to have mean of
hemoglobinlevelsin the bloodgreaterthan 21.3 g/ml . 13



Refer to Table 3 in the Appendixand obtain:
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Exactly

Assumethat the infantsbirthweights(X)from the BostonHospitalisnormallydistributed?
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Conclusion
Thus96.8%of the samplesof size10 would be expectedto havemeanbirthweights
between98and126oz.

Exercise

(b)
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Solution
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Thenthe probability that the meantime they spenddriving eachday is between
24.7 and25.5 minutescanbecalculatedasfollows:

Normal Distribution
μ(xbar) = 25 ;  σ(xbar) = 0.21213

Standard Normal Distribution
μ= 0  ;  σ= 1

Refer to Table 3 in the Appendix



Exercise
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The t-Distribution (Student’s t-Distribution)

The t-distribution (Student’s t-distribution) is a theoretical probability distribution.
The t-distribution is continuous, unimodal (bell-shaped), symmetricalabout 0 and
similar to the standardnormal distribution N(0, 1) but flatter and shorter than a
normal distribution. It differs from the standardnormal curve,however, in that it
hasan additionalparametercalledthe degreesof freedomwhichchangesits shape
asshownin the figurebelow:
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Notation
Thederivationof the t-distribution waspublishedin 1908
by WilliamSealyGosset. Hiswork waspublishedunder the
pseudonym“Student”.
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The t-Distribution Properties

A comparison between 

N(0, 1) and                  

t-distribution Curves



Theorem(1)
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Important Notation
The differencebetween the t-distribution and the standardnormal distribution is
greatestfor smallvaluesof n (n <30).



Solution
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Example

Solution



The value will be obtained from row 9 of AppendixTable 5

30

Then    P( t < 1.834) = 0.95 

Conclusion
Thus95% of the samplesof size 10 would be expectedto have mean of
newbornbabiesweightslessthan 4.16kg.
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Conclusion
Thus90% of the samplesof size10 would be expectedto havea meanof cranial
lengthgreaterthan or equalto 180mm.
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6.5.2 Interval Estimation
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Notation: Although the point estimator is a good estimator of the population
parameter(θ),it is more meaningfulto estimateθby an interval that communicates
information regarding the probable magnitude of θ,this interval is known as the
confidenceinterval.
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CI = Point Estimator ± [(Critical Value)(Standard Error)]

where:
ü Point Estimator: is the samplestatistic estimatingthe population parameterof

interest.
ü CriticalValue: is a table value basedon the samplingdistribution of the point

estimatorandthe desiredconfidencelevel.
ü StandardError: is the standarddeviationof the point estimator.mate



36

In this section, we will learn how to:

Constructand interpret the (1 –α)100% confidence interval for the population

mean(μ).

In the casethat the underlyingdistribution is Normal Distribution, three casesfor
the ConfidenceIntervalof the PopulationMean(μ) arediscussed:
ü whenPopulationStandardDeviationσisKnown(OneCase).
ü whenPopulationStandardDeviationσisUnknown(TwoCases).



Normal Critical Values for Confidence Levels

(1 − α) 

We have:
1- Normal distribution.

2- The standard deviation ̀is known.
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The(1 -α)×100%= 99%confidenceinterval for the populationmean(µ) of maximal
strengthscorescanbeconstructedasfollows:

Conclusion
We are 99% confident that the population
mean (µ) of maximal strength scores is
between 76.3 and 92.3 since, in repeated
sampling,99%of all intervalsthat could be
constructed would include the population
mean(µ) and 1%of theseintervalswill not
includethe populationmean(µ).
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Example

Supposethat we wish to estimatethe meannumberof heartbeatsper minute for a

certain population (µ). Assumethat the number of heartbeats per minute is

normally distributed. The averagenumber of heartbeatsper minute for a random

sampleof size49 subjectswasfound to be 90 with a standarddeviation of 10. Find

the 95%confidenceinterval for the populationmean(µ)?
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Solution

The (1 - α) ×100 % = 95% confidenceinterval for the population mean (µ) of the
numberof heartbeatsper minutecanbeconstructedasfollows:

Conclusion
With 95% confidencewe can say that the mean
numberof heartbeatsper minute for all subjects
in the population(µ) isbetween87.2 and92.8.

Then CI =(L, U) = (87.2 , 92.8)
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ImportantNotation: An important point to understandis that the boundariesof any
confidenceinterval (CI)dependson the samplemean and population or sample
varianceandvaryfrom sampleto sample.
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Solution

Example
In a randomsampleof 20patientsat a givenclinicin Jordan,the meanwaitingtime to
measurethe blood pressureis 95 seconds,and the standarddeviationis 21 seconds.
Assumethat the waiting times are normally distributed, then construct a 99%
confidenceinterval (CI)for the meanof waitingtimesof all patients(µ)?

We have:
1- Normal distribution.
2- The standard deviation σis unknown (S = 21).
3- The sample size (n) is small( n = 20 < 30).

The (1-α)100 % = 99% confidenceinterval for the population mean (µ) can be
constructedasfollows:
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Conclusion
With 99%confidenceintervalwe cansaythat the meanwaiting time of all patients
(µ) isbetween81.89and108.11seconds.
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Example

Supposethat we wish to estimatethe meannumberof heartbeatsper minute for a

certain population(µ). Theaveragenumberof heartbeatsper minute for a random

sampleof size49 subjectswasfound to be 90. Previousresearchhasshownthat the

standard deviation for the population to be about 10. Find the 90% confidence

interval (CI)for the populationmean(µ)?



Solution

The (1 - α) ×100 % = 90% confidenceinterval for the population mean (µ) of the
numberof heartbeatsper minutecanbeconstructedasfollows:

Conclusion
With 90%confidenceinterval we cansaythat the meannumber of heartbeatsper
minute for all subjectsin the population(µ) isbetween87.65and92.35.
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6.8 Estimation for the Binomial Distribution

Equation 6.16
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Solution

The estimated standard error can be calculated as follows:

6.8.2 Interval Estimation—Normal-Theory Method
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For large n
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where

COVID-19
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Solution
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Conclusion
With 95%confidencewe cansaythat the true proportion (p) of adult residentsof
this city who haveCOVID-19isbetween0.810and0.874.

Problems: 6.5 – 6.9, 6.11 – 6.17, 6.27 – 6.32, 6.52 – 6.55.



= 95+ (2.861) ( )

= 95+ (2.861) (4.583)
= 95+ 13.112
= 108.11

= 95–(2.861) ( )

= 95–(2.861) (4.583)
= 95–13.112
= 81.89

CI=(81.89 , 108.11)


